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Conceptual Competence and Chlldren s Countung
- JAMES G. GREENO AND MARY S RILEY
Unwersuy of Pittsburgh _
AMD
ROCHEL GELMAN

) Hﬁii’?'r.’sil)" of f?’rinxyivnnia ,
A frainework is presented for characterizing competence for cognitive tasks;.
with.a detailed hypothesis about competence for counting by typical.S-year-old

.. children: It is proposed that competence: has three main components that are
called concpgguz;[ 7;;;9;;519;417 gpy”qtihzatlonql competence. Conceptual com-

- petence; which is discussed in greatest detait in this article; is'the implicit un-
derstanding gfigieing[qliggnmples of the dqrggln Procediiral competence is un-

derstanding of general principles of action and takes the form of p lanning | heuris-
tics. Uullzatmnal compelencc is understanding of relauons betweeh features of

-competence for counlmg is presenled in. the ﬁ)rm of action schemata thm con- .-+
stitute undcrstandmg of counting principles such as cardinality, one-to-oné, cor-
respondence, and order: This Hypothesis abouat competence is connected exphc-
itly to a_detailed analysis of performance in counting tasks. The connection is

provided by derivations of planmng nets for procedares that are included in pro-
cess models that sxmulate children's performance.

INTRODUCTION

Wc dnstmgunsh be!wecn hypolhcses abou! pcrl'ormance and hypmhcscs

about” competenice. Hypotheses about pcrfcrmance postula!e cogmtlve

processes and structures that are used in performmg tasks; and often are

‘

Thls rcse.xrch wis supportcd by the l c.nrnlng Rcsearch aiid Dcvclopmenl Center sup-

) poned ln pan by l'unds l'rom tth thlonal lnsututc of Educauon Umted Statcs Dcp.mméht .

ncrd blane Briars; Johii Séély Brown Karen Fuson; C: R: Gallistel; Earl Hunt; Robert
Llndsay. Kcvm Mlllcr. Joscph Paync chon Pyly»hyn Laurcn Resmck _Kurt VanLchn.

“earlier drafts. Some of the results prcscntcd here were [gpq[tqd Atlhgvmiccit!ng Qf the

' Psychonomic Society in San Antonio in November 1978. Requests for reprints may be sent
to the first author at LRDC University of Plglsburgh Pittsburgh, PA 15260. : .
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’ . S ,, o
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formulatcd in progmmmmg ldnguages as computahonal modcls that sim-
ulate performance in the tasks, '~ .
Hypotheses about competence postulate general concepts and princi-
ples that we assume are used in constructing or-acquiring procedures for’
use in a conccptual dommn, for examplc, the domain of number. The '

. prmCIplcs which often cannot be articulated by the subJecls account for

the fact that the diverse performance proccdures that appear in dlvcrscly

.- structured tasks all have a set.of propertles that are required by thc

prlnc1plcs

TA: €ompmencz' in Counting _ ,
Consider an example of gcncratlvc pcrform'mcc which illustrates thc

kind of phenomenon that we belicve requires an analysis of competence:

Gelman and Gallistel (1978) asked children to count a set of five ob-
jects; arranged in a straight line. Children typlcally do this by starting at
one end and counting along the lme After-a chid counted the ochcts

the cxocrlmentcr pointed to thc sccond ob_]cct in the line and sald “‘now

asking for the second ochct to be *‘the two' ** *“*the ‘three’,"” “lhc

_‘four‘." and “lhc ﬁvc' * ’l"he serlcs was rcpcatcd usmg thc fourth ObjCCl

counung task a maJorlty of 5- ycar-old chlldren gave correct pcrformance
on clther 9 or all IU of thc constramcd counung trlals

assoclatmg i specnﬁc numcral with ‘a spccnﬁc obJect A procedure for

. counting can be modified in many ways, only some of which are consis-

teiit with principles of counting and number. Itis: reasonable to infer lhal
many childrenn who gcnerated correct procedures understood that every
object shotld be taggcd orice, no ochct should be: tngged more than once:

‘the numerals should be used in their standard order, and the order of

1ch 7of conceptual .
competence is simple counting of sets of objects: i The question of implicit

.The domam in which we have. worked out an analy'

understanding of prmcnplcs in. this domain W'IS raised by Piaget

T The term * counung is_gmbiguous. In our use, we refcr lo pcrform.mgg )vncrgjhcre
is a set of objects to count. We do not discuss the task of jost reciting the string of numerals.
In formal mathematical térms, counting is a procedure for determining the cardinality of an
assigned set; that is; finding a standard set for which _there is a ane-to-one mapping. 1o lhe

assigned set. The,gtanddrd set is an lnlual scgmcnl of an ordered sct of symbols. We orly

“consider proccdures in which. 1he ong-to-one m'lppmg bcmcén ihe slandard set and the .°

,,,,,,,

v .
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(l94|/|952), whosc observatlons of chlldren s p«.rformancc in conserva-
tion, class- 1nc|uslon and scrlatlon tasks led to the conclusion that chil-
,dren Iack understandlng of the principles of number that underly
counung According o' this quite standard view, preschool children’s

apparent counting bchdvnors reﬂect nothlng more than rote performance

of a procedure lnvolvmg recitation. of d string of words and coordinated,

tagging of objects: Gelman and Gdlllstcl (I978) however, disagreed.

Based on children’s performance in a variety of tasks involving counting,

they maintained that preschoolers’ counung reflects 1mp|1c1t undcr-

standlng of conntmg pnncnples whlch guides performance in counting as

well as the acquisition of skill in applying the counting procedure: The

principles involved include cardlnahty, one-to-one correspondence and

the relation of ordering; as well as principles pertaining to the condmons
under which these three can be applied.
The analysis that we present is the result of our effort to become clearer

: about the understanding of these principles and their relation to countlng
perf~rmance. The hypothesis that we developed has two componcnts a
process model that simulates salient aspects of children’s pcrformancc
-and a hypothesis about competence that relates relevant components of
the process model to the principles of counting.

We began by developing the model of performance in counung tasks

.we call this model SC, for Similation of Counting. SCis a h
" about children's cogmuve structures and processes that account for thelr
' performance in counting. - ‘

It is possnble to lnterpret SC as a hypothesns about chlldren 5 under-
'standlng of countmg,pnncnplcs A disadvantage of this interpretation is

,,,,,,,,,,,,,,,,

that in SC the pnncnples remain lmpllCll that lS the pnncnples are not

enccd;our dccnsnons as we desngncd the modcl ThlS Ied us to dcvclop a

different sort of model; 4 model in which the countitig principles are -

specified cxphcntly and glve risc to suitable procedures through ua deri-

vational system that conslructs proccdures that are consistent with the

principles: We propose thls formulation of counllng prlntlplcs as a hy-

. pothesis about children’s implicit uanderstanding in this domain; the un-

derstanding that underlies what they do when thcy count; not what they .
. say about what they do

1.B. Processes Reflecting Cardinality

We w:II descnbe SC in detail in Sccuon IV. We describe onc aspcct of
thc model nuw, to illustrate-the implicit nature of ¢ counting prlnc1ples in
that model. The illustratian deals with the principle of cardinality.
_Understanding_ of cardinality involvés knowledge that the number of
objects in a sct is a property of the set; and that the number of a set’
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corresponds to the Iast numcr'tl used whcn the set is counted: This knowl-

edge is simulated in SC by four components of the counting procedure.

First, when a rcquest to count some objects is presentcd SC constructs

zilirieprcscnmuon that includes a symbol for the set; the objccts are as-
sociated with the set*as members during the counting process: Secorid,
S€ sets a goal of finding the number of the set. Third; when all the objects .

"have bcen counted SC retrleves the goal of Fndmg the numbcr FlnallyL .

lhdl the concept named by the numeral is the number of the set
We rncluded thesc features m SC to stmulate chlldrcn s perform'u;cc

of such evndence 1nvolve5 1dent|fy1ng sttuatnonal factors that 1nﬂuence the
frequency of errors in performance. SCis- prlmarlly a _model of correct
'performancc and as such 1t lncludcs components that depcnd on relmblc '

that subprocedures of the model are Iess likely to be performed rclnbly
,,m task situations where errors are more frequent. 2 7o, illustrate, consider
“cases where young children vary in their tendcncy to 1nd|cate the éardtn'\l

value of a collection.
~ Preschool children have a tendency to recount when they are qsked :
"how many"' after they have previously been.asked to count a set of

objects (e.g., Markman, 1979; Schaeffer, Eggleston &Scott 1974): Thls K
" tendency has been mterpreted as 1nd1catlng that young chlldren do not

understand the cardinal principic; for if they do they should. repeat only

the last numeral sand durmg the count trial (e:g;; Schaeffer et al:; 1974):

Rccountmg is not a universal feature of children’s pcrformancc by any

means. In Gelmdn and Gallistel’s (1978) experiments where the same set

of objects was pre%cntcd ‘repeatedly in different Spatial arrangements;

' many children did not count dec novo after each arrangement; they simply

rcpeated the last tag used on a prcvrous countlng trial. Even so, the

frequency of recounting is sufficient to require an explanation. Mark-

mLm s findings provide a clue. ‘
Markman ¢1979) observed children’s frequency of rccounttng in two

conditions: a condition where the objects were referred to with a class

? In many, discussions, * ‘competence” refers to an ability to perform correctly. and *“per-
.form'mce includes factors thit can prodice errors: Our distinction is quoite different: As .
¢ the term, SC is .a model of performance; it simulates corrccl pcrform,qnicieﬁ.gnq

provides interpretations of incorrect performance: By ‘competence"* we tefer to something
"else, namely, implicit understanding of general _principles that is not represenied in SC. If
the general principles are understood and applied carrectly; then. performance should be
. correct; therefore, interpretations of errors as results of snlualtonal factors help support the

claim that chlldren undcrsland the prtncmlcs
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o noun (c g., Hcre are _some soldlers count the soIdlers ; and *“*“How

many soldiers are there" ") and-a- condltlon where the set was referred to

explicitly, -using a coIIectlon noun (e.g., Hcre is an army with some

~ soldiers; count the soldiers in the army™’; and **How many soldiers are
therc in the army?™). In the:cldass condition children récounted on about-
one- hﬁlf ﬁf the trals; in the Cﬁlletlidi’i condition, recounts were observed

.on oiily 13% of the trlaIs Markman and we conclude that use of a col-
Jettnon noun makes it more likely that children will represent the objects
to be counted as a set, and that this representatlon is needed to store the

number of the set in memory: In our model of countlng performance this . N

is snmulated by the inclusion of a symbol for the set of objects in the
representation that the model constructs Storage of the numbér of the

set at the completlon of countlng provndes SC with information needed

. to answer the ‘*How many?"’ question: Failures could be simulatéd triv- -

ially by omitting the representational process at the beginning of countmg, .

and Markman's finding would be simulated by a psycholinguistic process

-in which the representatnon would depend on the form of the questxon.
* tion noun occurs.

A second kind of evidence mvolvcs performance that relates to reten-
tion of the goal to store the number of the set in. memory while counting
1s camed out Gelman and Galllstel (1978) noted that prcschqolcrs rep-

with a higher probablhty of including a referent to the set when a coilec-'

thcy counted the objccts themselves In, SC the numcral—set assoclatlon
is formcd to satisfy the goal of finding the numbcr of objects in the set.
IThlS goal has to bc retamed in mcmory durmg countmg and retrlevcd

the counted set can result from fdrlure to. rctam the cardlmllty goul m”
memory because of interference from performanee of the counting: pro-’

cess, rathcr than fmlures to understand the eardmallty prmcrple <

Whlle the cogmtlvc processes and structures postulated in SC seem

v:de a satrsfactory representation of undcrstandlng thc prmcrplc of car-

dmahty This is bccausc the principle is nearly as lmphcnt in thc modcl

.. as it is in children's performancc Processes of reprcscntmg a set and
..forming an association between the set and a numeral are related to un-

‘ dcrstandlng of cardln.tllty, but thcy arc not thl wc me.m by un-

-
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and the other counllng pnncnples as well; we need to postulate a knowl-i..

edge structure in which the principles appear in morée explicit form

Exphclt formulations of the pr|nc|ples of countlng and number are well

knowns in the form of definitions and axioms of arithmetic (e.g:; Halmos

196071974 Russell; 1964). We have developed a different formnlallon of
the principles to enable our hypotheses about competence to be con-
nected expiicitly with models of performance

"1.C. Theoretical Framework
In our andIyS|s compelence and performance are relaled througL

conceptual procedural and ullllzauonal competence Conceplual com-
peternce |ncIudes understanding of general principles of the task domain
that conslraln and JUSllfy correct performance Procedural and ullhza-

ln performance Procedural competence |ncIudes underslandlng of gen-

- eral principles of action, relaung actions with goals and with conditions

Py B, SRR I Y R S ST S Fr S PO

of performance: Utilizational competence includes understandlng of re- -

lationships between features of task. setllngs and pgoals.that can be

achieved by using those features: These three components dre shown in

Fig: 1, in a diagram that. reflects thelr use in derlvanons of performarnce
structures:
Congeptual competence represenls understandlng of pr|nc|ples in a

r form lhal enables thelr use |n pIannlng The pnnclples are represenled as

. one-to-one. correspondence |ncludes a schematic action for increasing
sets by adding corresponding elements 1o the sets; and representatlon of
. the principle of ordering includes schematic actions for retnevmg mem-
_bers of ordered sets in their correct sequence.

By **procedural competence’” we refer to knowledge of general prin-
crpIes involving relations of goals, actions, and requisite conditions for
actions. Procedural competence includes heuristic rules for planning: the
procedures that recognize goals of different types during planning, that
search t‘o"r ac:ion schemam Wilh 'c'c'inseq'ue‘ri'c'c-s that match gb’;ilg th’zit h’iive

' these theorcm provmg melhods when they are needed

cludes knowledgc used by ‘the theorcm prover in its cfforts to rclite

features of the task semng to goals of plzmnlng An cxample of knowledge
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'_Schematic
Action Units

Goal ————m] ,,a,ni'ljhggrgmj,rgyjns,, |3 Planning Net

Semng

. Fib, 1 Components of competence.

mcluded in unhzatlonal competence is a proposmon mvoh ing ObjECtS

that are arranged in a straight line: The planner is able to prove a theorem _

that the stralght hne feamre of a set of obJecls can be used to form an

partitions of the set of objects to be counted

We want to formulate hypotheses about competence that are connected |
explicitly with models of performance. We obtain these connections usnng
a formalism of planning nets; intfoduced by VanLehn and Brown (1980).
Hypotheses about competence are premlaes ina denvatlon in Wthh com-
ponénts of a performance model are derived.

_The general idea is illustrated in Figs. 2 and 3. Flgure 2 shows a sim-

plmed model of perfori%ance for counnng sets of ob_lccts and an 3

'det'mte and exphcﬂ connecticns betwccn corrpetence hypolheses and
imodels of children’s performance.
The miodel shown in Fig. 2 simulates performance of counung when.
bjects ai¢ arranged in a'straight line, so that the operations of retrieving
the ‘“‘first object” and the . ‘‘next ochcl after bound™ can be applied.. We
call the set of objecls L (because lhcy are in a hne) and N denotes thc

respecnvely

b 10
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L . Hetrieve Hist objectin L

Assign bound to attended object

Retrisve first numeral in N .

- -

Assign l:odnx; lo am&&.& numeral

@ e oo e .
_Retrieve next

Alsign bound to mznded Jai;éi

’ Lﬂnneve next numenl in N altev bound

A.mgn bound 1) mznded numeul

) FiG. 2. A procedqrc for counting objects in a slralght lmc L denctes the set of objects o
be counted; N denotes the set of numerals. ) K

To begm counung. the model locates the obJect at orne end of the lme :

'(called “‘Retneve ﬁrst object |n L") and remembers that object (called

; for exnmple.

retnevmg and assigning bound to’ objects involve proccsses of perceptu:

4 -
;mcmory ol‘lhe direction of scanning, as well as memory of the current bound object. These

proccsscs are snmulated in
size of a cof
of dlstmgms mg between compe encc and perl‘ormance.

¥

scaijping and

v

ore detail in our performance model. SC. We discuss the grain -
ni‘Section IV: The choice of grain size provides one way
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“Ass|gn bound to attcnded numeral’'): From then on, the counting pro-
cess is a sequence of cycles In each cycle, there is test whether there -
are more objects: lf there are the modcl ﬁnds the next obJect m the l|ne

next numeral, and remembers it. When there are no more ob_]ect,s. the
modEI stops and reme'mbers that the last nijmeral iiséd is thE nijmber of

Figuré 3 shows a S|mpl|ﬁed planmng net W|th components of th 2 as
its terminal nodes. A planning net includes components of a procedure
along with more abstract components, linked together by a set of planning
. relations. The procedural components are terminal nodes in the net, and
correspond to parts of a model of task performance The components of

as. hexagons) and tests (shown as d|amonds) :

The importance of a planning net is that it prowdes an expl|c|t con-
nection bétween hypotheses about. competence and a model of perfor-
mance. A.planning net is derived from the components of competernce
discussed edrlier and shown in Fig.. 1. The action units in a planning net
are instantiated versions of action schemata that are mcluded in concep-
tual competence. The planning, heuristics that are included i in procedural

competence provide rules for selecting action schemata on the basis of

their consequences, and setting new goals on the basis of requisite con-

ditions of schemata that have ben selected Connections between goals

and actions in the network correspond to relat|ons that are stored in the

action schemuta. These relations include consequences of actions; for

example. COUNT(L) is linked to mzmber(t) becuse a consequence of

*  the action COUNT is that the number of the set is determined: Relations.

also include requisite conditions for actions; for example, COUNT(L) is

connected to eguail(£,5N) because forming equal sets is one of COUNT‘

requisite conditions:

In addition to providing an epr|c|t logical connect|on bctween hy-
potheses about competence and a model of performance the plann|ng

level are related to actlon un|ts at huzl'cr IeVeIs asfconsft‘ltgents and these ‘

stractfactro,n lNl_TlALIZE,(L SL) INlTlALIZE(L SL) and INCRE-
.MENT(L;SL) are connccied to the goal one-more(L,SL,a), and so on.
(Goals betwcen the terminal ‘action units and their parents are omitted
from Fig. 3 for simplicity. Some of these are shown in Fig. 5.)
1.D. Discussion | .
In our analyses we use concepts and methods from three major lines
of cognitive theory. We iise Piaget’s (e g.. I94I/I952) fundamental msnght

12
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denotes ap initial segment of objects.

that children's performance reflects understanding (not niecessarily artic-
ulate) of general principles. However, Piaget did not attempt to derive

g'g[atlonshlps between the principles and properties of :performance, as
we do in our analysis. (We also differ with, Piaget in oui substantive
conclusions about the competence that we’attnbute to preschool children;

<
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we dlscuss this i in Section V) We use Chomsky (c g, ]965) theoretical
method of analyzmg competence with formal derivations that connect

Epostulated Competence wrth propertles of pcrformance Our analysrs d.r

derived: In Ilngmsuc analyies the derived ob_]ccts are serntences, corre-

spondmg to sequences of behavmr We derive cognitive procedures,

which are capable of producmg sequences of bchavror Another differ-

ence between our analysis and those standard in Ilngmstlcs is that.we use

observations of performance; rather than llngulsuc intuition, as the main

source of evidence about the ‘competence that we attribute to children

(cf. Pylyshyn, 1973). Finally, we usc concepts and methods mtroduccd ;

by Newell and Simon (1972) that have become standard in Cognmve psy-

chology to analyze and r represent structures and processes in models that
simulate performance:in cognitive tasks:
_We note that we do not necessarily identify the process ofdz'nvzmon

of planning nets as a plausible psychologlcal hypothesxs As with other

hypotheses about competence, we restrict our claim of psychologlcal
reality to the content of the knowledge that is attributed to individuals
and to the structures that are implied by that knowledge. In our analysis;
the relation between cohmpetence and pcformance structures has the form
of derivations in which the performance structures are consequences of
competence structures; derived by a planning system. However;, we have
not tried to determine the form of the dependene between competence
and performance structures in human cognmon {We discuss this matter
further in Section V.)

Il. FORMULATION OF CONCEPTUAL: COMPETENCE

In thls scctlon wc prescnt a chdrdctcrlzmon of conccptual compctcnce

chlldren 5 countlng performdnce make lt redxonable to dttrlbute this de- -

gree of competence to typical 5- year-nlds in industrialized socrctlcs

We ‘represent conccptual competence in the form of action schemata

similar to those used by Sacerdoti (I977) in his analysrs Df knowledge

structures for planning: Each of the schemata corrcﬁponds to an action,

representcd in general form: -Each schema specifies one or more conse-

quences of pcrforming the action and requisite conditlons that must be

satisfied for the action to be performed Knowledge in this form is‘ap-

- propriatce for a planncr. which can scarch for schemata with conscqucnccs

that match the goals that arisc during planning; and can sct goals for
. further planning corresponding to requisite condmons of schemadta that
it has sclected.

To illustrate our notauon we present two simple schcmata (which we
do use in our analyses): PICK-UP and PUT-DOWN. .

R 14.
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(1)sPICK-UP(a)
Prerequisites: movabz’e(u)
: empty(ﬁand)
: Consequence: a £ Hand:
2): PUT-DOWN(q; 1ocatzon)
Prerequisite: a ¢ Hand:
Consequence: 1ocunon(a).

Effect: enpty(Hand):

~ Think b‘f a §Cheni2i as knéwiedge‘bf a kind of zi'cti'o'n' that has s'p"e"cn:é'd

qunrcd condltlons are sausf‘ed PICK UP and PUTDOWN are snmphf‘cd
,verS|ons of Rnowtcdgc for movnng an object Suppose thcrc ls a goal to '

requ:snte condltlons must be true before an actlon can be performcd thus.
there must be a Hand With the Journal in it, and this can be set as a goal.
“ae Hand‘i is a consequence of PICK-UP, and since a is the journal’,
PIGK-UP may be put into the plan PICK uP requires empzy(ﬁand)

- which may be true in the situation; if this can be proved the plan can be

confirmed. Note that PUT—DOWN has both a consequence, location(a),

of performtng actions; and the distinction between them is somewhat
. arbitrary. Consequences are generally the desired outcomes of actions in
.the task setting; and effects are other outcomes: (We also use effects to
get around technical difficulties in planning th@t we do not attempt to
-analyze fully; cf. Footnote 5; below.)

A significant requirement for the formulation is that the schemata
should, provide a sufficient basis for performance of counting. Schemata
related to the various principles are motivated-further by evidence that ~
§Upp6rt§ éttribﬁtion of Uiidﬂﬁziiidihg the prihciples énd we niention

Thcf case\for undcrstandlng of prmcnplcs ls,s,trongcst !f a,chlld is re-
quired to generate a new procedure or a modification of a known pro-

" cedure, and the procediire that is forfiied is-consistent with the principles.
In such cases, the Chlld 'S pcrformancc is the outcomc of a problcm-

the prmelplcs define the problem This kind of evtdence is frcqucntly

used in dcveloprnental psycholmgunstlcs where knowledge of the rules

- of Ianguagc is attributed to children when they systematlcally prodnce

sentences of a given complexity (e.g:; Brown; 1973) Evndcnce based on

15
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novel performance is especially compelling if the performance correctly
and systematically follows the principle but is incorrect or unconventional”
in some other way. In such cases, we can rule out the hypothesis that
the observed performance was acquired by direct tuition or observation
of adults ln psychollngursucs special attention has been given to chrl-
‘dren’s systematlc production of errors like !‘mouses,” ‘‘footses,’

“wented,"’ and ‘‘haded,” that- reﬂect overgenerahzatrons of rules that

Clark & Glark 1977):

Evidence for understanding also is obtamed rf a chlld can evaluate

'performance as correct or incorrect with respect to a prrncrple -as when .

" children are shown examples of counting and can rdentlfy errors, that are

made; or when they spontaneously correct their own EITors. Evaluatlon

- of examples is often used to test whether someone has acqurred a cate-

gorical « concept (e.g., Bruner, Goodnow; & Austin; 1956) and is the stan-

dard test'in computational llngurstrcs for a-system that is alleged to know
the grammar of a Ianguage (e £-; Hopcroft & Ullman 1969) A thlrd form

wrth a pnncrple especrally when. it occurs in a wide vanety of contexts
so that consistency would be unllkely in the absence of knowledge of the
principle. _

Eviderice for understandlng of prlnclples always is. problcmatrc to.some
degrce Any single piece of evidence can be explained without recourse
to a hypothesis of understanding: performance consistent with the prin-
clple could be learned by rote, evaluation could involvé simple compar-
lson of the example performance and covert performance of a rote pro-

cantly, i.c., are unders tood as constralnts on pcrformance even if the

understandrng is rmphcrt ice, they cannot be stated by the chrld

We present the schemata that we postulate as competence for countlng

in four groups; related to prmclples of counting identified by Gelman and

Gallistel (1978). Gelman and Gallistel’s principles were (1) cardinality:

the last numeral reached'in a count is the symbol for the number of items -

‘in the counted ;set (2) one-to-one correspondence each object in the

counted set must be tagged with a unique numeral and every uscd nu-

meral must be apphed to an object; (3) indifference of OPJFC}E[S’EJ', thc
objects in the set may be counted in any order;: (4) stablef order of nu-
'merals the numcrals must be used |n thelr standard sequence (5) ahsr

begln wrth schemata rnvolvrng knowledge of set relations in abstractlon
because these are srmpler than the others, and we proceed through sche-

]
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ldentlﬁed in some way. whlch ls,empty,lnltla,lly. and which gams members
as counting proceeds until all of the objects have been counted. A schema
representing this understandmg is ADD- TO

(3) ADD-TO(X A) - )

Prerequisites: A = {x: property(x)};
aeX; o )
. ~ property(a): Co

Postrequisite: property(a)

Consequence. one-niore(X;A; a)
Effects: a € A;
Vx ((x # a) —) XeA before {= )x € A after):

’ Aljﬁ-TO represents knowledge for mcreaslng a subset by addlng a single

of ADD-TO represents knowledge that subsets can be identified by a
property For ADD-TO to be performed members of the subset have to’

be identified by some property, and there has to be an object that does

not yet have the property. When the object has been given the propcrty.

ﬁBB-TO is oompleted when the object a has been given the property

-Performance of ADD-TO has three outcomes: A has the propedy one-

more, which means that it has a member that was not in A before; a
" becomes a member of the subset A% and except for addlng a; the mem-
- bership of A has not changed.’ '

. ' ADD-TO is a schema for a global actlon that cannot be executcd dl- :

- rectly. More elementary actions are required for global actions to be
' performed. One possnblllty that we use involves identifying a subsct by _
‘a locatlon—that is; A is the subset of objects located in a specnﬁed place '

. YWe do not intend to suggest that understandmg of the principles dlscusscd here nec-
essarily develops in the sequerice in which we present the principles:
~ 3 This last effect reflects a technical issue in planning that we have not tnedrto solye

The lack of change in membership of A other than adding_a involves the general problem
of knowing which features of a situation remain #nchanged by an action, as well.as knowing
the_consequences and side effects of an action. This_problem. the so-c led “fr
problem.'* probably cannot be solved in a gcncral way inl the coritext of planning. A full
analysis ‘would require tdcnufymg condmons that must be momtored during execution.

1’7
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In that case, the property in ADD-TO is the specified place, and when

ADD-TO’s postregurslte is set as a goal, the planner can choose PUT-f

- DOWN and then PICK-UP to achieve it.
~_In another case that we have analyzed, a subset is deslgnated by placmg
Ny physrcal marks on the objects. ThlS uses the_ schema  ADD- MARK

(23) ADD MARK(a marker)
Prerequnsrte ~ on(a, marker)
. Postrequisite: on(a,marker).
Consequence: marked(a) '

' ADD-MARK can be lmplemented usrng PlCK UP and PUT-DOWN to‘.

place a'marker on the objcct a. : ‘

'lhe schemata that we have d|scussed provrde competence that is re-‘ '

: d|scussed another aspect of competence that they called the prlnclple of
abstraction, responding to discussions by Gast (1957) by Klahr and Wal-
lace (1973), and by Werner (1957), suggestlng that chrldren mlght have to
form intensional represeritations of a set in order to count it. For example

to count a Set containing apples ancl’s oranges the child Would have to’

. know and apply the concept “‘fruit,” and to count a set containing per-

sons and pieces of furmture an abstract concept of ‘‘things’* would be .

required.

Emplrlcal observations do not support the’ hypothesrs ‘that children -

initially restrict their countmg to homogeneous sets: Gelman and Gallistel

(1978) presented heterogeneous arrays of object for children to count,

and observed no- resistance to countlng Gelman (1980) observed that 3-

to 5-year—olds comfortably counted sets as heterogencous as “all the

things in'the room;" including people. Strauss and Curtis (1981) showed

that mfants abstract cardlnahty of small sets dll‘l?:rmg |n the klnds of

found that infants abstract the cardlnallty of hctcrogeneous sets mcludmg

S matching thec numbér of objects. in a heterogeireoiis diplay wrth the

" .number of drum beats they hear.

. The prmclple of abstraction is 2 permlsswe prlnclple rather than a
constraint, and it is represented in olir competence hypothesrs by the
abscnce of a restrlctlon rather than by any definite assertion.. In the

. schema ADD- TO, and in other schemata, there is no requirement that
the set to be counted contains only objects of a smgle recognizable kmd :
Indeed, if we were to analyze atask such as ‘*Count the horses™ in a

display containing different kinds of animals, we would have to provrdc

" a.conceptual basis for mtroducmg a test of category membershtp into the
» countmg procedure

18
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: ﬁ B. 6rderrng and Initial Segments -
Correct countmg requires that an- ordered set of numerals is. avallable

to the counter, and requires that the members of that list be used in the
counting process in the order that they are given in the set. We include

two srmple schemata for retneval of the items from ordered sets,

(5) RETRIEVE FIRST(X) ' - . .
Prerequnsntes order(X); ' .
first(X,a).
, Consequence an‘end(a)
(6) RETRIEVE-NEXT(X;x)

Prerequnsntes order(X) _
nexr(X,x a). _ o

€onsequence attend(a)

The eonsequenee of these aeuons is that durmg execuuon thc per-
former will be attending to the retrieved object, which enables other ac-
tions mvolvmg the object (ef Schema 9, below) Prcrequnsrtes include

that the set of items, denoted X, is ordered that is; there is a unique fi first

member of X and each member of X has a umque successor (except the

last member; if that exists): Prerequnsntes also include designation of the'

first member of X or the successor of a given member of X-.:

RETRIEVE- FIRST and RETRIEVE-NEXT would be suffi cnent for re-
citing the numerals in order;, but they are not sufficient for use of the -
numerals in counting. .For counting; the ordering is used to partition a -
set into the sibset that has already been.included in the count and the
.subset that has not .yet been included. The set already- included is an
* initial segment of the ordered set;. containing the items up through a.
déﬁigﬁétéd item, the upper bound. We denote an initial segment of a set -

- X as SX, for “segment of X.” Understanding of this sct-theoretic.concept. .

is rcpresentcd ‘by_two schemata:: INITIALIZE, which places the -first
micmber of X in $X, and INCREMENT which adds a new member to-
‘SX by movmg the bound to the successor of the ciirrent upper bound

(7) IN[TIALIZE(X SX)
Prerequnsntes order(X)
) empty(SX)
S first(X,a).
Postrequnsnte bound(SX a)
Consequence: one-more(X, SX a)
Effects: ~ empry(SX) :
a e SX; s
Vr(f#a( )TéSX)

19
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(8) INCREMENT(X, SX)
' Prerequisites: order{X);
: ~ emp1y(SX);
' ‘-bonnd(SX b);
o next(X;h;a):
qu}requnsnte bound(SX;a):
Consequence: ong-more(X;SX,a).

Effects: u € SX;
vx((x#a) =)x € SX before ( ) xeSX after)

Onie miore simple schema is needed for the action of assigning the
 property bpund to an item. ' ' -
) ASSIGN {property;x).

‘Prerequisite: attend(x)
Consequence: property(x)

The schemata for ordermg that we have glven provnde a basis for the

use of an ordered set in coun; 1g In addition; there is evidence_ that

children apprccnatc that use of a stably ordered set of numerals is an B

essentml fcatare of. countmg

One kind of evidence involves systematlc pcrformance that follows the
rule of stable order with a sequence that is idiosyncratic and thus wotuld

not havé been learned: Gelman and Gallistel ¢1978) and Fuson, Richards,
& Briars (1982) have rcported the tendency of 2Y2-year-old children to

count with unconventional sequences that arc used systematically. Se-
qucnces such as **1, 2, 3. 4, 8, 10, 11" are used by very young chlldrcn
even when they aré asked to count small sets, -and by somcwhdt oFder'
‘children when théy count larger sets. Despite the use of nonst.mdard ists;
. the lists are uscd systcmatically. Thus, forexample, a 30-month- old chlld
mlght say, ““Two, six,”" when countiiig i two-item set, and “Two six;

ten,”” when countmg a thrcc item array. Thls Chl|d used his-own list over
and_over again, even though he was corrected rEpcatchy by hlS parent
‘R. Geliﬁéh

" Performance in Gel'ma"n' 'a"n’d Gdlllstel S (I978) modified counung task,

dcscrlbed carlier, +also provndcs ev:dcncc of undcrstandlng the stable-; ‘
order prmcnplc that invol ves generation of new procedures: When a con-

straint of using a spcc:f“cd numeral for a specmcd objcct is imposed,

there is a conflict between using the numerals in their standard order and .

tagging the objccm in their Spdlld| order: Correct performance involves

using the order of numerals and therefore changmg the order in which

objécts arc tdggcd The correct pérformancc given by a grcpondcrance
of children; especially by 5-ycar-olds; provndcs evidénce that -children

appreciate the stablc ordcr pl‘lnClplc as a recquirement of. counung

s a0
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Evidence also has been obtained that children can detect errors in

applicatiofi of the stable-order principle:, Briars and Siegler (in press) Jnd

Gelman and Meck (1983) gave children the task of observing as a puppet

. counted and telling the experimenter whether the puppet mzrdc an error;.

“Gelman and Meck's puppet made three kinds of errors involving the order

of numerals: reversing a pair of nur- °rals sklppmg a numeral; or using
a random string. ‘Briars and Siegler's error
. g a numeral or using an extra numeral. In both studies; ‘5-year-
olds performed at a very high level: Gelman and Meck's subjects detected
96% of the order. errors and Briars and Siegler's subjects detected 92%
of the order errors. Thrce and four-year-olds also showed substantial
abllny to detect order errors 76% and 96% of errors detected to Gelman
""" s detected in Briars and
Srcgler s study (Slmplc COITLCI counts; with thc numcr'lls used in correct

- order and objects. counted from'end to end; were called « correct over 93% .

ofthe t|mc by chlldren of aII agcs ln bolh.studles )

capdbmty of us,mg,th,c ordcr,rchuon in countl,ng‘ but do not represent
;jnderg‘tanding that. it is a requirad feature. Cognizance of the stable-order
pi‘ihtiplc as a reqiuirement i§"'rcp"rcsemed in the schema called COUNT
. (Schemi 12). in Wthh use of an ordered set of numerdls isa prercqunsltc
: cond|l|on .

ll C On'e 10~ bm’ C’m‘rvcp'ondma»

be used. Th|s prohlblts tagglng any object more- than once or omlmng ’

_any object it also prohlbns using a numeral more than once or skipping
" any numerals: Ifthese constraints are satisfied; and if all the objects are

tugred; then there is a correspondcncc betwccn numerals and objects:

N Porthcrmorc the objects can be tagged in any sequence, providing that

cach object is tagged exactly once:

Evidence for generative knowledge of the one-to-one requirement was_

obtained in Gelman and Gdlhstcl s (1978) modified counting task. Recall
that by 5 years of dgc most chlldrcn g'wc nczir-perfect soluuons that lS

‘ Thus tmsc chlldrcn were sucu.'sstul in gencr'mng pcrformancc that prc--.

, served one-to-one correspondence with dltfcrmg scquences oftaggmg the

. objccts
Chlldrcn 'S cvaluauons of puppcts countmg also provndc cvrdcnec for

~undcrsmnd|ng of thc onc -to-one rcqunrcment Errors of skipping an ob-

puppet made two kinds of errors: |
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‘ Ject or counlmg an omect twnce were delectcd on 95% of lhe trials by 5-

. year-olds {Briars & Siegler, in press), on 82% (Gelman & Meck, 1983) - -
and 89% (Briars & Siegler, in. press) of the trials by 4-year- -olds, and on -

. 67% (Gelman & Meck) and 60% (Briars & Sicgler) ofthe lnals by 3 -year-

olds. Children also saw puppets count correclly with unusual sequences

of tagging objects, either slarung in the middle of an array. Workmg to
one end, then returning and counlmg the' remaining objects; or cpunung

alternite obJects (which were of one. color); then reversing direction and

‘counting the remaining objects (of a different color): Gelman and Meck's

.subjects’ called néarly all of these counts:correct: 96% of the trials by

_ both 3-- and 4-year-olds: Briars and Slcgicr s subjects often called these

- counts lncorr’ééi’ 35% by 3- yééF-éiHE 65% by 4- year-oids and 53% by

nifcantly Ich frethntiy thlm they rejected counts that were incorrect.
(Gelman & Meck (1983) suggested that the different findings were due,
in part, to young children’s tendency to respond bcfore the puppet fin-
ishés a trial. Gelman & Meck pretrained their subjects to wait until a
countmg sequence was completed. Additionally;, these unconventional
count trials pose a problem of ambiguity in instructions. Insofar as a
. procedure is unconventional it_may: be Judgcd as-wrong because it is
- different and.not because the child thinks a counting principle is violated.
Indeed., in a current study by Gelman, Meck, & Greeno. a 5-year-old told

- us that standard count trials were “right and right,”” that error trials that .

‘were .unconventional and violated a principle were **wrong and wrong,”
- and that uncoventional trials that did riot violate a principle were “Wrong

but right.”") L S o .

© In Gelman and Galhstel (1978) dadta, childien's courting pcrformance
. ,honorcd the one-to-ofic requirement in ‘the preponderance of cascs. Al-

most ill one-to-onc crrors involved counung an object twice or sklppmg

over dn.object as a child syslcmaucally moved his or her t'ngcr from. -

" object to object. Such errors would be expccled if the children’s countmg

procedurcs were approprmlely Ccnslrmned by thc one-t to- -onc rcqmrc-

objects had alrcudy becn coumcd Itis nolcworthy that children who use

ldlosyncrauc lists of number .words honor the, one-to-one requircment

‘with those lists; as do children who usc the slandard list. Gelman and .

Galhslel d|'§0 obscrvcd children counting the same set of ochcls in varicd

spatial 'Irrdngcmcnts and children who rccountcd the arrays showed no

tendency to keep assigning the same numeralsito the same items. These -
‘children were zipp;xrcntly indifferent to the order in’ Wthh the ochcls
were counted: ,

We represent conceptual compctcncc regarding onc-to- -one correspon-

. 'dcncc wnh two schcmala

3
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' {(i0) MATCH(X. ) ;
' ?rerequ1s1tes empty(A);. ' . : -
empty(B)-

" Corequisites: subseI(A X), where A = {x‘ ragged(x)}

eqrm’(A B)
Postrequisite: ¥ x (xe X =) xe€ A)
~ __Consequence: equal(X,B)
(ll) KEEP-EQUAL INCREASE(@;A; YB)
Prerequisite: equaI(A B) - ®
. Corequisites: V x ((x # a) =) x € A before {=)x e A aften);
-y y((y # b) =)y e Bbefore (=) y e B after).

Postreqursrtcs one-more {X;A;a);

one-more(YB by,
Consequence equaI(A B)

The arguments of MATGH are two sets; denoted X and Y: lts conse-

. quence is a subset of ¥ that is eqnal to X. Prereqmsntes of MATCH mclude

" designation of :subsets A ‘(of X) and B (of Y) that are tnltlally empty. .

Corequisites of actions are conditions that must be maintained throughout -

performance of the action. Coreqmsrtes of MATEH include maintainirg

the partitions of X and Y during countlnb, so that 4 contains the members

of X that have been tagged and B contains the members of ¥ that have
been used. Another corequisite of MATCH is that the subsets 4 and 8
are to be kept equal. MATCH  is complete (.e.; its postrequnsnte is sat-
isfied) when all the members of X have been, included in A.-

~ KEEP-EQUAL-INCREASE provndes a way to increasc two sets while
keeping them equal. The prerequisiie and consequence of KEEP-

EQUAL-INCREASE is the equality of two sets, A and B. The postre-
. quisite is that A and B should each receive a new member; A receives a

mecmber from X and B receives oiie from Y. The condition to,,be main-
. tained (i.e., the coreqursrte) is that no members should be lost from A or_...

B, and.no members Other than the desigriated objects a and b should be

added.
MATCH and’KEEP EQUAL INCREASE provrde a procedural det'—
: mtron of the predicate cquai in-our analysxs The det'mtron can be statcd

“then each is mcreased by a smgle member. however many times the Jomt .

increase occurs:” ,
The predicate eqzmi is Ioglcally prtor to the concept of number in our

_ analysis; which" ‘may seem counterintuitive; but is consistent with some ;

cvidence about young children. ‘Miller (in press)-showed .two toy turtles;,

cach with a pile of c’lndy, and a third_pile of candy'to be shared cqually N

between the two turtles. The most common method used.by Chlldl‘Cl‘I 3

23 | . ‘~ | ._Hu..l' ..
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years old and older Wés to progréssively distribute one candy at a time

to each turtle repeatlng thls procedure unul all the candnes were dlstrlb-

'ently arbltrary slze but takmg care that thc same number of | pleces was

given to each recnplent. ‘
11.D. Cardinality o ’ - ol

The prinicipal of cardinality is the significanice of the counting proce-
- dure. Countlng determmes the number of objects in a set, which is rep- -

: resented by the last numeral used when the count is t'mshed

to uﬁderstandmg cardmahty to young children. We mentroned Markman s
(1979) finding that recounting occurs less frequently when collecuon
* nouns are used to refer to Sets than when only class nouns are used. We

also mentioned evidence given by Gelman and Gallrstel (1978) and by :

Gelman and Meck (1983) that failures to store the cardinality of a counted

set in memory can be interpreted as results, of mterference from: task

" demands of performing the counting process:

Important evidence of generative knowledge of cardlnahty comes from

observations that children invent novel procedures in arithmétic.: A

striking example was provrded by Groen- dnd Resnick’s (1977) observa-
tions.of preschool’ children’s procedures for solving addition problems:
Children 42 years old were taught to solve s1mple addition problems by
counting out two groups of objects equal in value to the two addends;,

" - combining thé objects into one group, and then counting the combined

group. After several sessions of practice; one-half of the children spon-

tancously employed a more efficient algorithm that they had not been .

taught. This was to count on from the cardinal value of the larger addend.
Neches (1981) has developed a plauslble analysis of the process of § gen-
erating new procedures, based on notlcmg invariance of results of com-

ponents of the procedure already in.place. The invariances needed for-*

development of the count-on addition algorithm are results of ‘component
counting procedures that is, the cardinalities of subsels and the total set
in the situation. Chxldren s modifications of procedures with cdrdlnahty

prescrved ‘as an invariant support the conclusion that they undetstand

the meaning. and sngmfcance of the counting procedure v
‘Evidence of understandmg cardmallty also is provrded in children’ s

. performance on an evrduanon task: Gelman and Meck's (1983) puppet

counted sets of §, 7, 12, or 20 obJects and scmetimes made mistakes in

. answermg “how many?’’ questions with a value Jess than the last numeral

stated; or one greater than the last numcral stated: These errors were

almosl dlways dctccted by children: the -year-olds chose to correct the

s
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puppet on 70% of the error trials, the 4- ycar-olds on 90% of such trials.

Having corrected the puppet, the 3- and 4- year-old children gave the
correct answer, respectively; 94 and 95% of the time: .
" Further evidence includes Gelman and Gallistel’s (1978) observatlon

that children_frequently repeat the last numeral used in counting; ol'ten

. With emphasis. Repetition of the final numeral s suggests that clnldren ap-

preciate that it signifies something special, and evidence from other ex-
penments (Gelman & Tucker. 1975) mdncates |ts sngmfcance as the car-

ldlosyncratlc list of numcral terms in countmg repeats the last term used
whcn asked how many objects are present :

spontaneously. that is, without mstructlons to count when the number

- of objects is relevant in sofie way for a task. _This indicates. that. the

Chlldren Understand that counting is the appropriate p:ocedure for deter-
mining cardinality. Evidence of this kind was obtained in expcriments by
Gelman (1977), who showed children displays with two sct of: objects-and

taught the children that the “wmner” was always the set with a greater

number ol' objects Then on.a sequence of trlals a dlsplay was shown. :

cated by then reactions of surpuse and what they said When they en-’

’ countered this change: e:g:; ““Took one! Was three—one, two three. Now

two:"’ (Children did not react as strongly if the change involved the po-

smons of obJects in the dxsplaysand maintained they still won because

the nuniber was as expected: Even when an item of a different type or

color was substituted and children were surprised; they insisted the dis- .

play-was still the winner because it had the expected number: ) Although

there was no explicit instruction to count the obJects children were often

obscrved to count them aloud, indicating an association between the goal -
of finding numbers of sets and the counting procedure.

___We represent implicit understand;r.g of cardinality w1th the schema
COUNT

(l2) CGUNT(X) :
Prerequisites: Set of numerals; N;
" order(N):
' Postrequnsltes equal(X;SN);
botnd(SN, n)
'Consequence numbcr(){) :

COUNT gnvcs a procedural dcfnmon of the number of a set. In it,

“

o : ;

25



GREENO; RILEY; AND GELMAN' - 116

the concepts of érdér and édﬁﬁiity ;ire éyﬁt555iied 5Tiié ijée of an ordered

number of objects in the counted set.

II. PLANNING NETS

In Scct|on i we have presented a characterlzanon of conceptual com-
_ peteiice for counting. Now we present derivations of planning nets’ that
rclate that competence to performance |n counlmg tasks To derwc. plan-

edge ,about the, tdsE §;tt|ng, whmh we refer to as procedural and ,utgh;a-
tional competence.® We discuss these components of competence briefly,
and then present derivations of planning nets for, counting procedures

| 1.A. Procedural Competence

In the derivation of plannmg fiets, 1he schematd descrlbed in Sectlog
H Vfunctlon as premises, and planning nets are the theoremis: that are de-

rived: A set of inference rules is needed, and these are provided by aset .

of plannmg heurlmcs.

The structure of action schemma wis palterned after Sacerdoti (1977)

Consequence’s and reqursnc condmons are included in each action

schema; which permits planmng to occur essentially through means-ends;

&

t l's (l978

) éijr iré.’.iﬁiéﬁi oi‘ c:'irdimiiiy ﬁnd nrder'hcre ls simri.lr re Cciman and éaiils

: Eéi;}iiéﬁ; .
"“The jdeu-of a planning nel tised here is genemlly,, milar to that devclopcd by VanlL.chn
and Brown (1980); but differs in'some significant details: One of these is our use of action
schemala us the premises of the derivation; VanLchn and Brown used constraints expressed

as logical forms, Another is that VanLehn and Brown in ludcd heuristics for.deriving se-
. quential properties of procedures; tha is _omitted in our andlysls where we allow planning

to stop when a sufficient sel of procedural components has been derived. )
o % The heuristic riiles that we have used in deriving planning nets for ¢ counurng are sl.xnd.xrd

in thc literature on pl.mnlng (c.g., Fikes, 1977). A planning system was not implemented in
.the work that we report here, so there is some uncertainly about the adequacy of plinning
“rules and the exact. l‘ormulanoh of the other knowledge that was postulated, However. the
. EXIensions of: standird planning mclhodology thiit would be reqiiired o plan procediires

for counting do T T
of the analysis: In subscqucnl work a pl
this has not bccn completed at the time of lhl‘i wrmng. prcllmmdry rcsulls have been

obtained 'md reported in Smith and Greeno (1983). The iesults thus far bear out the ex-
peciaiion that the main conclusions reported here are valid.
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analysis (Newell & Simon; 1972) Phnnmg begms with the prcscnt'mon

ofa main goal, to find the number ofa set of objects:. The planner searches

in the set of action schemata for a schema that has a consequence that

matches the goal: When one is found, it is tentatively included in the

plan; and its requisite conditions are examined: Prerequisites have to be

satisfied before an action can be performcd coreqmsites have to be sat-
'|sﬁcd throughout performance of the actlon and postrequisites have to

For each requisite condmon of a schema that the planner has mcludcd

the planncr first tests whether the condition is satisfied in-the setting:

Thc planner has 5omc theorem provmg procedures thdt usc mformanon

we_ dlsc,uss 1t,1n the next subscctlon.) Requisite condmons can also be

satisfied by cffects of other actions in the plan. If the requisitc condition

is satisfied, the planner asserts the specific features in the setting or thc
) snde cffecls that arc to be used m sansfxmg the condmon

Plannmg proceeds by consndermg each goal th‘;l has bccn,sc,l,. scarchmg
for an action Schema whose conseqiience matches the goal. If more than
onec schema is available, the planner keeps a record of alternatives, en-
abling return to the choice point if the alternative chosen first cannot be
developed successfully. If there dre alternatives that require different pre-
requisite conditions, both (or all) the schemata can be included in the
plan, along with an explicit test that will determine which of the actions
should bc pcrformcd durmg exccunon Acnons th.lt rcoulre mulnplc steps

111.8B. Unhzanona{ Competence
"The undcrstandmg rcprescnlcd by conccptual 5ch¢mata Jnd pldnmng

hearistics maust be combined with knowledge about the scmng in which

countmg will occur to derive a proccdurc for pcrtormmg the task: The

system includes’ gener;xl prmciplcs that can be used to prove theorems

about the satisfaction of requisite conditions by features of the task set- :

ting. We refer to this as utilizational compétence since it is knowledge
that enables features of thc scmng to be utlhzed for the apphcanon of

dctcrmme that features of the task setting can be uscd in developing its .

plan. In making these determinations, the planner uses a simple thcorem
prover that « con;ams rules for makmg inferences based on Falures of the
setting. :

.-

(<]



GREENO, RILEY, AND GELMAN , 118

An illustration of utilizational competence involves the way in which

objects to be couiited are arranged, and restrictions that may be placed
on moving the objects. In one situation that we have analyzed, the objects

are arranged in @ straight line. This is relevant to the requirement of .
maintaining a partition between the sct of objects that have becn tagged
and the objects that remain untagged during counting. (This requircment
is in the conceptual schemta as a corcquisite of MATCH:) Utilizational
competence includes.a proposition that objects in a straight line can be

ordered; starting at onic end and proceeding to the other. Then the par-

tition that is required can be maintained by using the spatial sequence in

‘tagging the objects. - . e o
We also will discuss counting in a setting where objects-are not - ar-

ranged-in-a-straight line; but can be moved from-one location to another:
Using a proposition in utilizational competernice, the planner determines

that the partition of tagged and untagged objects required by MATCH
can be achieved by designating u spatial region for locating the tagged
objects.. .

In this section we_derive a planning net for counting in one situation,
where the objects to be counted are arranged'in a straight line. In sections
that follow, we discuss generalizations of the analysis involving variations
in the sciting and with constraints imposed on counting objects that are
in a straight line. S o ;
To fix the target of the analysis; recall Fig: 2; a procedure for counting

objects in a straight linic.. This is a simplified version of the procedure
that was implemcnted in the process model SC, which. we discuss in

Section IV. Our goal is to provide a structural analysis of this procedure

that shows how it is generated from: the _principles of counting; in the

form of the action schemata described in Scction 11 L
Figurc 4 shows a portion of the planning et that is generated from a
goal of finding the number of a set of objects. Figure 4 is generated in

the first several steps of planning. = .

- We now comment on notation involved in Fig. 4. The diagram refers
to goals and actions; and planning relations among them. Goals are shown
in_hexagons; actions are shown in rectangles. The actions are instances
of actiom Schemata that were discussed in Section I1: Relations between

~—actions and goals are labeled as prerequisites (prered). corequisites
g led as pre quisite ] q

(coreq), postrequisites (postreq); conscquences (conseq), and effecis. Re-

e

call that a prerequisite must5c true before an action can be performed,

ust be kept true throughout performarnce of an action, and
a postrequisite must become true for the action to be completed. A con-

sequence or an effect becomes true as a result of performing the action.
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FiG. 4. Portion of planning net for standard counting. i

'The phrases in Flg 4 that are in parentheses refer in brief form to con-.

ditions that are satlsf'ed in the task setting; proposntlons in utilizational

competence are used to prove that these condﬁmons are satisfied. .
The planning process begins when' the main goal number(L) is pre- -

sented. L refers to a specific set of objects that are to be counted; recall

that we call it L as a reminder that thc:nh]étts are arranged in a stralght

line.
The planner tries to prove a theorem that number(L) is alrcady kniowni.

Thls falls. so it becomes a goal for piannmg The planner scarches among

the action schemata for a schema with a consequcncc that matches the

goal. COUNT(X) is found and is tentatively placcd in the ‘plan, with L

ldentlf'ed as its argumcnt

R &
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Next, COUNT(L)'s requisite conditions are cxamined. The prercqui- -
site is an ordered set of numerals with initial segments, and utilizational

obJects that are in memory are consrdered as part of the task settlng )

‘The planner then notes that the set N and its initial segments, SN, will
_be used in the plan The postrequisite of COUNT(L) is a segment SN

that is equal to'L: This is not provable in the semng. so the planner sets

equal’(L SN)as a goal
A search is made for a schemu Wlth cqlmI(X Y) as its consequence

Two are found: MATCH(X, Y) and KEEP-EQUAL-INCREASE(X, V).

The: prerequisite of KEEP- EQUAI: INCREASE cannot be satisficd for

the arguments L and SN; they are not equal; as is required. MATCH

,,reqtuLes arguments with lnmally empty subsets and thls can be satlsﬁed

- be kept equal while MATCH is being performed. These are set as goals. -

MATCH; the,planner is required to designate a partmon of £ that will be’

uscd to satisfy its corequisite. " The planner notes that L is arranged in a
stralght line and infers (with utilizational .competence)-that L can be or-

~dered. The subset of L to be used is designated as the lnmal segment SL

formed by the ordering. =~ =
The remaining requisites of MATCH(L N) are the postrequnsne that all
members of L should become members of SL, and that SL and SN should

“To plan for the goal involving all members of L, the planner needs some
special knowledge about iterative procedures There is no action schemia

that takes a set as an argument and makes it eqiiivalent to another set;
however, there are schemata that take mdnvnduals ds drguments nd put -

them: into a set, To enable use of these schemata, the planner converts
the goal about Lintoa goal mvolvmg members of L and a test for com-

'plcuon The goal is one-more(L,SL,qa), wherc a denotes some Ob_lCCl lhdl

will:be added to SL; and the complctlon test is the absence of any mem-

bers of L that have not.become membersof SL:

The planner proceeds to work on achlcvmg one-more(L,SL,a). This

results in a condntlon that violatés the coreqursne of keeplng SLt and SN

cqual; because an object will be added to SE: A search is made for a way

to mdlnt'nn eqtml(?i; SN) and KEEP-EQUAI: !NCREASE(St SN) is

. one-more(L SL;a) has already been lncluded in the plan‘ and the other,

a

one-more(N,SN,¢) is set.as a goal. The corequisites of KEEP- EQUAL-.

INCREASE are also set as goals; they eventually are confirmed as being

: satlsf'ed by properties of actions that arc chosen later to satlsfy the one-

more goals

30



2t " CONCEPTUAL COMPETENCE

é ane-mare (L, SL, a) ) ¥y
— : funtil]

— c%:;ﬁ

conseq

INCHEMENT (L su

o wmanze sy

.:._—p(a"’c( empty (SL) )7 —

0. (SL;3)--

ASSIGN (bound, a}

RETRIEVE- NEXT (SL b}

RETRIEVE-FIRST (SL)

Fic. 5. Completion of planning for one-more (L.SL.a).

the. consequence one-riore for a set: INITIALIZE and INCREMENT A
prerequiisite of INITIALIZE(L SL) is'that SL i is -empty; a prerequisite of
'INCREMENT(L SL) is that SL is nonempty. The planner adopts AN =

ITIALIZE(L SL) since. nts prerequisite is known to be: satisfied at the
‘beginning of countmg.vHowever performance of INITIALIZE(L SL) has -

- . the effect of ‘making SL nonempty, and since one-niore must be satlst' ed
. repeatedly, the planner meludes INCREMENT(L,SL) i in the plan as well -

1,31'
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' The theorem prover infers that repeated use of INCREMENT(L,SL) will
eventually reach the. last objeet in L, and thus will satlsfy the goal of
having no ObJEClS in L that are not in SL.

A further prerequrslte of INITIALIZE(L SL) is that there is a first

member of L; this is verified by utilization knowledge This first member

is henceforth referred to as a: A postrequisite is that a should become

" the upper bound of §£; and this is setas a goal: This goal can be achieved

by ASSiGN(bound n). Wthh reqiurcs zmend(zz) Wthh can be achleved :

developed under iNCREMENT(t SL):
The plan is completed by a network similar to Fig: 5 that is deveIoped
for ‘the goal ‘'one-more(N,SN;c); the goal of increasing the set of used
_—numerals
The completed planmng net: for standard countlng is shown in Fig. 3,
“with the diagram abbreviated by the omission of prerequisite’conditions
that are_achieved - with utilizational’ compctence and the goals. that are
achieved by single actions at the base of the network. The actions also
have been ordered sequentially as they would-be for the procedurc to be
executed. (We did ‘not analyze the khd’\iiledgg needed to arrange actions
in order for execution, but see VanLchn & Brown, '1980.) The planning -
fiet. represents constitiient units of the procediire, groiiping tdgether ac-
tions that are included to achleve each goal that is required. for counting
- to be done correctly. It also indicates the rclatlonshlp between the actions
in the procedure and the prrncrplcs of countlng. showmg how the pro-

of ordered- numerals that has a one- to -one correSpondence wrth the set

““of objects:

11:D; Flexibility and Robustness ; S

Generative capability is the haIIﬁm'trk of compctence and a major goal

of a.competence hypothesis is to give an account of the generative char-

+ ucter of knowledge: In this section; we describe analyses of countmg
procedures that differ from the ‘‘standard” case f)rééentcd in Scction:

- 1IL.C. We discuss two forms of gcneratlve capability, which we call flex-
ibility and robusiness. Flexibility is the ability to gcnerate procedures for
 achicving a goal in a variety of task settings. Robustness is the ability to
adapt a procedure to accommodate constralnts that are not normally im-
.poscd in the task. .
Flexibility. One lndlcatlon tha' an InleldUdl has competencc rather

than a mechamcal sk|II |s that the lndrvrdual can perform the Lask ln a

- o -
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dure and different uttltzattonal competence is required for successful
" planning. : : e
. ’An outcome of analyzmg competence for counting in -differcnt task

setttngs is identification of the conceptrial ‘‘core’” of competence for

counting. The schemata that are used in-deriving procedures for counting )

~in all of its settmgs corresbond to the esscntial princnplcs of couuttng,

- and thus can be distinguished from components of competencc that are

requtred by:task characteristics that-can be varted ‘without changing the

essential nature of counting:

We have analyzed procedures for three setttngs that differ from the one'
discussed in detail i in Section I11.C. In.two of these settings numerals arc
used to count obJects. and different methods are found to matntatn a
partttton in the set of objects betwecn those that have‘bc mt td““"*'

. aset of tokens wrth a sef of objects where the tokens are phystcal objccts
‘rather than numecrals or any other stably ordered set of tags. This
sharpens the definition of **counting,’’ providing a case that is intuitively
outsidc the domain of counting, enabling’ ajudgment of nccessrty of some
-of the competence in our charactcrtzqtton

“In one situation that we have analyzed a spccml Iocatton is dcsngnatcd
for the objects-that have been tagged. Initially, all the- obJects are at a
place called the Source, and as they are counted they are moved to a «
“place called the Pile. The schemata PICK-UP, PUT-DOWN and ADD-

‘TO provide actions that change the Iocattons of objects and’ thereby in-

crease the set of objects that have been counted.

Ii another situation that has been analyzed, the objects cannot be

moved but there are physrcal markers that can befpl'tced on objects that
have been tncluded in the count: For this situation; the schema ADD-

MARK is used to accomplish the goal-of addmg a new member of the

countcd set. The planner accompltshes the postreqursrte of ADD-MARK

‘using PICK-UP and PUT-DOWN;, this time changtng the Iocatton of a :

marker rather than an ob)cct L .

A thtrd variant on standard counttng that has been analyzed uscs many
of.the coiﬁﬁoﬁettts of the conceptual structurc of couinting; but not the
schema COUNT itself. In this situation, a set of objects is presented, and
ahother set is to be constructed that is cqual to the presented set. One

could imaginc a transactton in which a person'is buying Somec Iarge ob-

- Jects—-say, used cars or stacks of hay—and the task is to form a sct of

.coms that lS equal to the set of ObjCClS betng purchascd The setttng that
can be taggcd with: markers Thc tokcns uscd for the constructcd sct can
. be placed in.a L special location. The procedure that was dcrtved has the

' schema MATCH to sattsfy the main goal of an equal set and derives

.
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partmon of used tokens
The plunmng nets for thc:§c three plOCt.durCQ are all closcly rcl.ltpd to
thc planning nct for countlng Objbclb in a line, derived i in Section 111.C.

Recall Fig. 4: The ncts for counting obJects by noving them into a pile

and by.marking. them have all the components of Fig. 4, and also have
the same cxpansion under orw-mmv(N SN.v) us the planning net for ob-

jects in a line. ~They differ in the planmng net that is derived under the

goal one- more(L SL.a). In the casc of movable ochcts the mencr uses

a proposmon (m utlluatlonal compctcnce) that a spccml Iocatlon can

; l’ILl\ UP and PUT-DOWN to samfy thc, goal of one-more for the sct of

' tuggcd objects. When the objects arc not movable; but markers are dV'IlI-

.able, the planner uses a proposition that a subset of marked objects can
be: identified and constructs a net with ADD-TO; ADD-MARK; P’fGK-' :
'UP. and PUT-DOWN o

The schemita that are mcluded in all of the countmg proccdures can
be consndcrcd as the . conceptual core of counting; dlSllngUISth from

_other schcmata that are needed for countlng to be accomplished in spé-_

cific task settings. This provides onc way to dlSllngUISh between com- .

petence and performuncc In considering children's compeicnce for

countmgr._ltr IS reasonuble to consider the components that vary among» '
task settings as knowlcdgc th'it enables a child's _competence for counting
to bL applied i in the various scttmgs For example, a child might have the

.- basic cognitive structures thdt we represent with thc schemata COUNT,
- MATCH;, KEEP-EQUAL- lNCREASE and so on, but not have a schema

such as ADD-MARK that would enable a subect of objects to be |dcn-'

tificd by placing markers on them: This would: lead to failure in some

counting tasks that we would not want to call x lack of c’om”pctence for

- counting, but a failure of perfdrmancé of the kind Flavell; Beach, and

Chihsky (1966 called a production deficiency. 7

Note that this distinction between competence. and performdnce is rel-
‘ative to'the choige of a set of tasks taken to involve counting: a choice
that is not Lntlrcl) arbitrary, but depends on a kind oflntu1t|veJudgmcnt :
"-An “example i provided by the procedure that' matches a sct of tokens

and ‘a set of ObjCClS Our |ntult|veJudgmcnt 19 that u procedurc that forme_

countmg." even though many componcnts of counting are |ncludcd
lndccd our analysls provndes a plecnc charactcruatlon of the ways in

as ev;dencc for our analysns Mlller S (|n prcss) obscrvatlon that children
choose a matchlng proccdure when asRcd to producc cqual shares of

. . ..' by

34
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_ objects. The intuition that a matching procedure without numerals or

. some other stably ordered set of tags is not counting supports the scpa-
ration of COUNT and MATCH as separate schemata; since that distinc-

“'tion enables both counting and. the telated -matching procedure to be
.generated from a set of shared cognitive structures, but also prescrves
an apparently significant distinction among procedures. The intuition also
supports a judgment that competence for counting includes implicit un-

- derstanding of a requirement 1o usc a stably ordered sct of tags—usually
the numerals—and the significance of subsets of that ordercd set in as-

~t <

Signing the property number 1o, sets of objects:

__The distinction between schemata in"competence and béi’fid:'rﬁi,iti'cc is
not a simple partition. Some schemata, suchas"COUNT, MATCH, and - -

KEEP-EQUAL-INCREASE, seem t beiong clearly in the competerice

for counting, and some others such as PICK-UP and PUT-DOWN scem

to belong clearly in the performance component; since they are not used

at all in some counting procedures; On the other hand, therc are schemata
that are required for counting; such as INITIALIZE and INCREMENT,
necded to relate the relation of precedence in an orderedsct and suibset
membership, that also-are used in implementing counting procedures in
special circumstances, such as a situation where the objects are arranged
in 4 straight line. INITIALIZE and INCREMENT secm to belong in the

competence for counting; but use of these schemata is an important ele-

* ment of utilizational compctence as well. . -

" Robustiess. Another way in which knowledge can be gencrative in-
volves ability: to adapt to new constraints that are imposed on perfor-
‘mance. An analysis of conceptual competence should show how suc-
cessful adaptations depend on general conceptual structures: The analysis

also can show how adaptations that arc only partially successful can be
‘generated when significant components of conceptual competence are

neglected. :

We have donc an analysis of robustness in counting; using the task of

modified counting studicd by Gelman and Gallistel (1978). described at

_the béginning of this article. Recall that the task asks a child to count
~ some objects repeatedly with cach count constrained so that.a specified
- numeral is to be paired with a specified object:;for example, the experi-

menter may point to-the second object in the row and say, ‘*‘Make this
. the four.” S e L
In Gelman and Gallistel's cxperiment. most of the S-year-old children
gave nearly perfect performance; that is; they used procediires that com-.
plicd with all of the counting principies ‘on at Icast 9 of -the 10 trials:
‘Porformarice by most of the younger children involved-less successful
adaptations, with violations of one or more of the counting principles. *
" Typically. however. these children used procedures that were partially
consistent with the principles: A major goul of our theoretical anulysis is

35 -
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to show how a variety of procedures, mvolvmg partlal compllance wrth
‘principles, ¢4an be: understood as results of failures to uuhze certain spe-
cifiable components of conceptual competence.

To perform the constrained task; a child is required to modify the

. normal counting procedure As the analysis of Sectlon lH e §hows the

between tagged and untagged-objects is kept by remembering the last

object that ‘was tagged In the_constrained task; either thé spatial array
~_itself has to'be changed, or a modification of the procedure is needed to

. avoid violations of counting principles: .
, Indeed; some of the children responded to the constraint by changing
.. the dlsplay Denote the obJects A, B, C, D, and E in their spatial. order.
~ When the instruction was to “‘make B ‘the one,”’ they moved B to the
front; for ‘‘make B the two," they put B back in its original position, and
" so_on. This reflects sophisticated knowledge about :the procedure, in-
volving understanding of the conditions that enable the procedure to be
performed and generation of 2 method for restoring the needed conditions
when they are not made available. We have not analyzed adjustments -
that restore the conditions for the counting procedure, however, empirical
. "analyses of knowledge for such adjustments was conducted in the task -
- of finding the area of a parallelogram by Morris and Resnick and by
Pellegrino and. Schadler (reported by Resnick & Glaser, 1976).
.+ The cases that we have analyzed involve modifications of the countlng
: procedure The features that are required for any procedure to conform
- to the added constraint are tests to determine whether the object or nu-
meral that is retrieved is the.one that is constrained: Procedures differ in
the actions that are taken as a result of these tests. ©

First; we dlSCllSS a modified procedure that we call SC- 1 part of its

flow chart is in Flg 6 In SC-1, tests for the special objcet and numeral

are included in a very simple way. When either the special object or the

specral numeral is encountered; the otherc constralned element is retrieved

to accoﬁpény it. The sequence of actlons is modlﬁed from the procedure

_needed for those cases in which the object retrieved first has to be re-
~placed by'the specral object because the special numeral has been re-
trleved in'the meantime.® , ‘

L : Cot .
- 9 The part of the procedure shown in Fig. 6 apphes after counting ha: been initialized:
—In_the procedure-for-standard counting,-shown in Fig. 2, the subprocedure shown in_Fig,
6 replaces the.four Retrieve and Assign: steps ir the lower left section. of Fig. 2.A similar .
modification of the standard: procedure is required in initialization, involving tests—— -

- whether the first object or the first numeral have been d ted as 5.3 I. Similar remarks

apply to the subproccdures th'tt -are -ahown in Figs. 7 and 8.
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7 . Retrieve next object
% . ) . . past bound

Retrieve next numeral

numeralr
No _ .
. Coa
o
Remevg specual 05|=ct ' Vs d o
T ' merféled object
: : : L | Assien B o
) T E . o | attended numeul

“Fic.'6: Modified cotnting by Model SC-1.

SC—I '5 performance conforms to the added constramt but it vnolates )
one-to-otie corresporidence and cardmahty For example, if the gonstraint.
is ‘‘make B the four,”’ SC-1 courits (A,one), (B. four), (C fve) (D;six),
(E seven). For **make D the 1o, SC-1 counts (A one), (D o)

(E,three). Note that SC-1 uses the order.of. numerals and the spatlal order

of objects in the weak sense that no reversals occur. Violations of one- , .~

to-onie correspondence and cardmality result from sklppmg numerals,

'rather than using them in thenr standard order, and from not returning to

objects that are skipped when the constrained numeral is encountered.

—A_second_modtﬁtmmnnf.countmg—that—agrees-withﬁhe—pcrformzmee-of-——

bt modlﬁes the order- of numerals: We call this modtﬁed prbcedure SC-

some children conforms to the prmcnple of one-to-one correspondence;’
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" 2; part of its flow chart is in Flg 7. S€-2 uses an addmonal property,

marked, to remember whether the special numeral has been used; If the

. .special object is encountered first; the specral numeral is retrieved and

assigned' the property marked, but the upper bound of used numerals is -

not changed:: When the special numeral is retrieved as the next member
of the list; SC-2 skips it: '
- For ‘*make B the four;"' SC- 2 counts (A, one) (B, four); (C 1wo),
‘(D three); (E,five); for “‘make D the nwo," it counts (A,one), (B.three),
(C.foun); (D.two); (Efive). It could be argued that tnis procedure counts
correctly, although it would return an incorrect result if E were the con-

strained object, a condition not tested by Gelman and Gallistel.

b= i

Retricve next object
past bound

!

h 4

Assign baund o

Retrieve next numeral
after bound

" Retrigve specisl
numeral
. Assign  mark 1o
attended numeral

Retrieve next numeral
after attended numeral

FiG. 7. Modified counting by. Model SC-2. .-

¢
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A third modification- comphES Wlth the added constralnt and with the

general pnncrples as well: This procedure which we call SC- 3 lgnores :

the position of the constrained wobject; but otherwise proceeds as in starg

dard counting.. Part of the flow chart for thls procedure is in Flg 8. SC-

3 is analogous to SC-2, except that priority is given to using the namerals

in their standard order. When the special numeral is encountered; SC-3

retrieves the specral object and assigns the property marked to it: When

the special object is next in the spatial sequencé it is skipped: Except for

the special obJect ‘the’ property bound is used to ke..p the p;'xrtrtlon of

I

. )
i |
)
REITiEvE REXT. HOMATal
after bound

P — J - )

Assign bound to

mended numeral

Retrieve next object
past bound

Hemeve special
object ) o -

;\iirg'n mark to
atiended object

Specual
object?

Aisign bound  to

I anended oblecl

Helnevg Vne}u’ objecl
past attended object |

FiG. 8. Modified counting by Model SC-3.
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' that the test for completion of counting includes determining whether the
property niarked has been applied to the special object.

SC-3's performance conforms to‘all of the counting prlnClpIcs. in-

cludmg use of the numerals ln their standard order For examplc. for

(E fve) For “make -D the rivo,” SC 3 counts (A one) (D two) (B lhr ee)
(C four) (E Jive).

'We have derived ”I'annin'g nets for the procedurcs of modlﬁed counlmg.
S€E-1, SC-:’Z and SC~3 The conceptual competence used in these deri-

_vatrons is the same: as-that used for ordinary counting tasks, described ;

" in Section iI: Additions are requrred in procediral and utlhzahonal com-

petence to enable the, planner lo recognize exceptions and generate

changes in its use of setting features as well as procedurcs for use when

the exceptions are encountered:

- We bneﬂy descnbe a derivation of the correct procedure SC 3 The

goal mumber(l) is presented to the planner, along with the constralnt that

a spccnfed object and a specified numeral should be pmrcd The con-

straint is interpreted in relation to the schema MATCH $ corequisite

(recall Schema 10); involving a subset A of tagged objects and-a subset

B of used numerals. Let A be: the constrained obJect and v be the con-

lntcrprctauon glvcn to the phnncr is that A should bccomc a mcmbcr of

A and v should become a member of B together—that is; X € A. (=)
velD.

The f'rst cIcht of thc constrdlnt durlng planning. involves the prcreq-
uisite of MATCH, the requirement of a partition of the sct of objects: A
proposition in uuhzmonal competence suggests using the spatial order

of the objects to Rcep the partition, but the theorem that is needed « cannot .

be proved because of the pairing constraint—thc. special object A may

have to be tagged out of its spatial order to be paired with v. The planner’s ;

soluuon is a partition that uses in exception. The partition is based on
. initial segments of L, except for X, Wthh is in the tagged set when it has

the propcrly of berng marked.

The constraint’ s other effects occur in pldnmng for thc one-mare goals :

tor 1néreas1ng the sets of tagged ochcts and used numerals. Because the
retrieved ochcl or numeral may be in the constraint, tests for that arc

included in the proccdtire in 4 the way lﬂdlCdled in Fig. 8. Use of the
retricved numeral is given priority becaose of the ‘ordering prerequisite

of the COUNT-schema,and the ADD-MARK schema is used to plan

mclusron of the constr‘nncdobjcct in the tuggcd subset ’

We have derived planning nets-for the incorrect procedures SC- 1 and

o

SC-2 by assuming that selected components of conceptual competence -

40
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are not utlhzed SC-2 can be derlved by neglectlng the preregursrte of

COUNT that requrres use of .the ordered set of numerals. Then the

: pianner can decide to partition the ob_|ects accordlng to their spatial order

and use the speclal numeral wheneve: the special object is retrieved. The

_procedure SC-1. can be derived if the corequisites 6f KEEP-EQUAL-

' iNCREASE are neglected: The corequmtes require that when a member

is added either to the tagged Ob_]EClS or the used numierals, exactly one

new membér lS to be added The coreqursrtes prohlblt sklpplng numerals

‘comes a member of the lnmal segment when the upper bound is moved

to an item beyond it in the ordered set. When the’ corequisites are not

. enforced; numerals or ob_;ects can be Sklpped by moving the upper bound

. by ‘morc than one position; as occurs in the performance of SC-1.

Plannlng nets for incorrcct procedures could also be derived by .as-

suming incomplete conceptual competence. instead of lncomplcte utlll-

- zation of conceptual competence. Ther€ is unavoidable uncertznnty in -

‘determining whether a failure of performance is caused by a lack of

knowledge or from a failure to usc the knowledge approprlately We con-
sider it more likely that partially correct procedures in the modified
counting tasks result from failures of utilization, given the considerable
, body of evrdcncc that supports attrlbutlon of substantlal competence to -

. RN

Iv. SIMULATION OF PERFORMANCE o
As we mentioned in Sectlon l A., “our analysrs of the understdndlng of

countmg prmcrples began with the developmcnt of a model that simulates
salient aspects of children's performance in counting tasks. In this scc-

tion, we describe this modcl called SC. and discuss its relatlon to the

analysis: of competence in Sectlons 1. and L : B

There are some lmportant components of SC that do not appear4n the

analysns of competence; and vice versa. Cornponents of SC that arc fiot

- in the analysis of competence can be consrdered as lmplemc::ntdtlons of

~ general functions that are specified in the competence analysis. (We will

note that this distinction dcpends strongly on the focus of the theoretlcal

analysis.) Components of the competence analysis not present in SC rep-

resent structural characteristics of the counting procedure and their re-
lations to the_gencral principles of counting and number:

“The task of countirig objects is prescntcd t0-S€ in the form of a sct of
objccts ‘each represented as a label and a pdll‘ of spdtnal co-ordinates. SC .
has an ordered hst of numerals stored in memory; with one of the nu-
mierals designatcd as the first, and with adjacent members i ln the list linked
by the reciation next. : -

The procedure for countlng represented in. SC’is summarlzed in thc

a1
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ﬂow chart shown in Fig: 6:10 Frgure 9 may be compared wuh Flg 2; the

_ simplified version that was used for our analysrs of competence. ‘SC in-

cludes two sets of ‘components, that were not consrdered |n the compe-

erations of scannmg and fbrming gestait grohpmgs of ob_]ects in the set

The operauons mvolvmg the counung goai were descrlbed in Section .

. LLB. A representation is formed; mcludmg a goal stored in memory to

-.. find the number of objects in the set; then when counting is completed,

the goal is retrieved from 1 memory and an’ association between the last

. numeral used and the counted set is stored.  *'

7

Perceptual operations in SC provide a mechanism for the process of

. movmg through the linear array of objects. The general idea that we used,

taken from. Beckwith and Restle (1966), is that the partition between

tagged and untagged objects is kept by a process of grouping the tagged.

objects based on gestalt principles. We iinplemented a simple version of
grouping for the case involving objects in a straight line.

After storing the.counting goal, SC identifies a small group of ob.yects'
at orie end of the array: It uses the positions of these objects to determine
.a direction for scanning, which-wijll be used in moviig it§ attention along

the array. Then SC identifies the obJect in the initial perceptual group

{

-y

. that is at the end of the array,: -and assigns to that obJect the property of -

being the upper bound of the subset of tagged ob_]ects SC then retrieves

the first member of its stored list of numerals and assrgns to it the property

of being the upper bound of used numerals.

Sc contmues to count by repeated execuuon ofa subprocedure a new

object is brohght into attention and is made the bound of the tagged

subset; and a.new numeral is retrieved and made the bound of the used .

subset. In moving attention to a new object, if thére is an object in the -
. current perccptua] group that has not been tagged, attention is moved

from the current upper bound to the next object along the scanmng path:
If the current group contains no untagged objects, but there are more
objects in the set, the group is extended by mcludmg more objects along
the scanning path.

Reti.eval of the next numeral is srmpler in our srmulauon than retrieval
of the nexl ob.ye_ct We assume that the hst of numerals can bé retrieved

10 A de[ailed descnpuon of SC s beer given by Rnley and Greeiio {1980). The sequence

of steps in the implemented program differs in some details from the procedure described

here: The version presemed here can be described more casily; iv is computationally equiv- o

alent to the version that we programmed and !hc discrepancies are irrelevant to the sub-

stantive quesnons that we are addressmg‘
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number m set |, w
Form initial plrueptual .
group .

Dctermmc scanmng
direction -

F3
&

Identify_object at_lower |-
. end of group

*Assign -bound to
3 ed object.

.

rﬁEiEiEGE first numeral ] :

*Assign _bound to
attended numeral |

Are

"1 Scan to next object
past bound

;.

*Assign -bound  to

Ret

| Extend perceptuat group }< "~ more objects
' _ past group?_

set, bound numeral

=

FiG: 9 Proceduré for slzmdard courInmg represcnled in SC. Preréquls:les of componenls
" labeled with * may be violaied by pairing’ conslramt . . PR

Ha
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. from memory, wnth the accumulated set of prevxously used numerals

SC determlnes that countlng is’ f'nlshed when |t attempts to extend -a
'perceptual group and fi nds no more obJects to lnclude Then the goal to

achieved by stonng an association between the numeral used last in the
process and the symbol that refers to. the set of ObJBClS ‘
In addition to snmulatmg standard countmg w1th SC, we also developed

s1mulattons of three modifications of the counting procedure for the mod-

- ified task in which a specified numeral and object are required fo occur

- fogether: The modified procedures, called SE-1, SC-2, and SC-3. are

' _described in Section 111:D: The modifications consist of tests |nserted in

- the procedure when a numeral or an object is retrieved; to determine

whether it is the special numeral or object: The ‘procedure includes ac-

t|ons used when the specxal numeral or obJect is- ldentlf edﬁthat either,
is retrleved. ‘The three modlf ed procedures dlffél‘ in these actlons. The
- simplest model, SC-1, just skips to the other special item whenever either,
the numeral or object i is retrieved. SC-2 skips to the special numeral when
the. obJect |s retneved but lf the numeral |s retneved SC-2 delays |ts use

retneved SC 3 delays tagglng it untll the specnal numeral is retneved

. Many features of our process models are intended to sjmulateperfori

" mance that is relevant to the principles of couriting. In Section 1.B. we
discussed the principle of cardinality and dCSCi'ib,éd SC’s use of a SYﬁibb!

' to represent the set of objects to be counted, storage in memory of a goal
to find the number of objects, and formation of an association between

. the last numeral used and the symbol that represents the set These fea-

be interpreted as ﬂaws The exphcnt representation of a set should be less

likely if ochcts are referred to using a class noun rather than a collection

* noun (cf Markman 1979). and counting of larger sets would make it less

" Thls is a more rcstnctcd retrlcval process than thc one descnbed by Rlley and Grccno
(1980). where the i

that is preSentcd Fuson, R rds and Briars's (1982) data ',dnc,atc that young children
canrot begln coonting at ar ry points, althc)ughﬁthcy seem to have a few entry points
into the counting string. Thé model we describe here could be considered as an initiat
. knowledge structure; where only the first numeral can be nsed to enter the list; with ad-
ditional numerals becoming usable as eniry poinis as a result of further Tearning.
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'llkely that the goal to assocnate a numeral with the set would be retamed ,
in' memory (cf Gelman & Galllstél l978)
SC achieves one -to-one corresondence With a snmple devnce the pro-

cedure that assigns the propefty bound to a new object |nclqdes setting

‘a goal to retrieve another numeral; and the scanning procedurc ensures -

- that all the obJects in the line are |nciuded in the count before it is com-

thgyﬁmb'st fréqnently skip qr double count a obJect rather than makmg
errors in the “order of numerals: S€ provides an mterpretax-ion of this

finding; in:its relatively more complex proéedure for spatial scanning and

~ formation of perceptual groups than the simple retrieval of numerals. The :

. performance of counting: This is the contribution of our

more complex procedure regarding the objects should be r more prone to
errors; in agreement with the empirical result,

Agrcemcnt with stablc order of numerals is achieved SImpIy by havmg
the numerals stored in memory in an ordered list, with a retrieval process
that keeps a memory record of the numeral used most recently to retrieve
its successor. Indlfference to the order of tagging objects is simulated by
use of the spatial arrangement to tag the objects, rathér than identities of .
-the objects Thus. if objects are rearrangcd and rccountcd thc order of

modlﬁed task in Wthh use of the stable ordcr of numerals is mamtamed
and the ordef of tagging. obJects is modified.
The procedurcs and data structures implemcmed in SC provnde pldu-

- sible hypotheses about the cognitive processes and structurcs of chil-

dren’s performance in coummg tasks: The prbcess model does not in-

clude hypotheses about the way in which pririciples of counting are un-
rstanding lated to the
ysis of com-
petence; presented in Section 11; with the derivation of planning ncts in
Scction 111 that provndcs an cxpl:cnt connccuon betwecn the prmcnplcs
and componcnts of the process model.
- The process model includes; several components that are' not dcnvcd
in our analysis of. competcncc. involving such proccsses as storing and
retrieving a goal in memory and pcrccgtual grouping and scanmng The
meimorial and pcrccptu.il processcs in ST can be interpreted as parts of
an analysis of performance, rather than as competence for counting.. They

derstood; or of the w'xy in whlch that nndérstandmg is

-provide. lmplcmcnt'ulons of processes Such as the retricval of objects in

the planning ncis. On the other hand, in another analysis dealing with a
different set of principles. theré would bc "schemata for processcs’ such
as pcrccptual groupmg and S'c‘in'n'in"a Zi'n'd memorlal proccsscs For ex-

4

-

-l

4
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mance in a“visual search task: For such an analysis. schemata, would .

include actions that determine spatial configurations and scanning. These

.. would provide a hypothesis about knowledge of spatial principles under-
. lying performance; comparable to the knowledge of principles of counting

_that we have analyzed. The implication is that we cannot partition knowl-
edge structures into a set that should be caII_Ed ‘‘competence’’ and an-
other’set of structures called **performance,’ except in the context of an
anaIysrs of competence regardlng speclf'c pr|nc1ples and concepts i

V DISCUSSION

We have presented a proposaI for oharacterlzmg |mp||c|t understandlng
of principles as a form of cognitive competence. The analysis has three
components: conceptiial, procedural, and utilizational competence. Con-
ceptual competence; which we have discussed in detail in this paper, is

represented as a set of schemata that constitute conceptual structures in. -

the task domain. These are formally equivalerit to a set of axioms for the .

domain, but thelr formulation as action ‘schemata enables their use, as
premises for deriving planning nets for procedures. As! with axiomatic:
.analyses, the level of abstraction is determined by a choice of where to

_start. In analyzing counting, we chose a set of schemata that correspond

higher or lower level of abstraction .could -have been used:

The derivations also use procedural competence; in the form of heu-

ristic planmng rules, and utlhzatlonal competence: The planning heuris-

tics play-the role of inference rules in the derivations and correspond to

to principles of cardinality, order, and one-tg-one: correspondence but a.

general competence underlying procedhral knowledge Utilizational com-

- petence provides connections between features of the settlng in which’ .

procedures are to be performed and conditions that’ are ‘required for ¢ con-

ceptual knowledge to be applied in that settlng :

The analysis has. clarified several aspects of the dlstrnctlon ‘between
competence and performance. Flrst the process of accessmg and ap~
among different kinds of knowledge that mclude general prmclples about
actions and relations. betwcen features of a situation and requirements of
performance is involved ‘in .generating procediires for performance that
conform to general prlnclples of a domain.

A second concIusnon |s that d|st|nct|ons between competence and per- .

- theoretlcal analysrs rather than reflectlng |ntr|nS|c differences in strue:
tfures of knowledge. ‘A drstmctlon betweeil competence and performance-

can be based on the grain size of a competence analysrs which specifies |

a structural descrlptlon of proccdures down to a quite arbitrary level of’

detail: From the pomt of view of that analysis addltlonal procedural

46
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detalls |ncluded ina model that snmulates human behavior can be con-

" sidered reasonably as procedures needed for performance that imple- .

_ments the speclfcatlons in the competence analysis: -
" Another distinction between competence and performance is obtamed

|f we identify’ components in a “core”’ of competence for a tamily of tasks

that are intuitively members of a single class. Then the knowledge struc-

tures that vary among procedures within thé class can be considered as
fequirements for performance that conforms _with the.core principles:
The demarcation between competence and performance would be dif-
ferent in analyses with a different theoretical focus or a different level of
detail: A different chonce of grain size in the competence analysns would
relegate a dlfferent se€t of processes to performance implementations:
More sngmt‘cantly, dlft‘erent conceptual principles could be analyzed, for
eXample spatial principles instead of numerical principles, and this would

relocate some of the schemata w:th respect to the boundary between

competéence and performance

A third result mvolves thé way in wh|ch formal prlnclples correspond'

to the schemata that we have developed to represent implicit under-

standing of ‘the principles: We did not formulate 4 schema for under-

standlng of order; another schema for one-to-one correspondence, and

. 50 on. Instead; it seemed.more reasonable to hypothesnze schemata that

represent different aspects of the various prmcnples and often include

aspects of different principles: ifﬁogrﬁ;{pglxsilis is accepted, then coriipe:

tence for each of ‘the prlnClpleS is distributed among several schemata, -

rather than being located in any single structure: This emphasizes that a

child should not be considered as either havmg or not having competence

regarding any of the principles; since it clearly is possnble for the child

to have developed some aspects of the competence and not others: e

. We propose our analysis of competence as.a hype'heéps about pr|nc1-

ples that children’ understand _implicitly. Qur notion -of ‘implicit under-
standing is the samie as the idea of tacit knowledge, or cognizing; as used
by Chomsky (1980). The idea is'also closely similar to Newell's (1982)
discussion of the knowledge of a system; .which is characterized func-
tlonally (that is, by what it does rather than as physnc'\I structures and

. their propertles) and lncludes the implications of components that are

_.specified: 2long wnth the componenm themselves.
Our anc!;sis of competence is generdiive in that a smglc set of com- . ¢

ponents of conceptual competerice.can be used in deriving planning ncts

for procedurcs in different task contexts and with different constraints.

Howe\ier. our analysis lacks the importart formial property of character- -

izing the class of procednres that are valid within 2 domidin of possxblc

procedurcs; analogous to'the dcmnrcatlon between strings that are gram-~

matlcal and ungrammatical accordmg to the syntactlc rules of a ldnguage..

o
¢

4'.



GREENO; RILEY, Abll) EELMAN S i3§

'The mam reason lS that we do not have a natural characterlzatlon of the

. strings of the symbols of a language To develop such a characterization

- does not seem impossible; it would: require ‘specifying some elemernitary

-procedural components and general relations of composition: However, -

such an activity seems premature at present, pending development of at

least a few analyses in exemplary specrt'c task domams

The claim that children have this competence says that they have_

mental representations of the prmcrples characterized in-the analysrs and

. the principles are used in children’s thought and behavior: We view. prin- -

.-ciples.included in conceptual competence as ‘constraints on procedural

knowledgel m much the same sense that Kell (1981) has proposed At o

"used in representmg the prmcrples and the derlvatrons of procedures cor-.

. tespond in detall to psychological mechanisms. Like Pylyshyn (1973). we
consider the model of competence as a formal system_that generates

;sequences of performance (in: our case process models) along wnth struc- :

v the procedurcs that use the knowledge We consrder the content of the-

competence in our analysrs a plausrble set of hypotheses about children’s .

tacit. knowledge ‘but the way 'in- which the three components of compe-

‘ténce are used in denvmg planmng nets should be interpreted as a formal

Rt Sy St Sebl el

" relation; not necessarily correspondmg to cognitive mechamsms 12:

The formuiation of competence that we have developed is generally, '

similar to the one Piaget gave, but also differs in important. ways. Like

: 'Praget weConclude that an tinderstandmg of number reflects a cognitive -

structure that. coordinates tinderétandlng of sets and understanding of the -

" felation of order. However, there are three important differences: First,

_we make_more generous’ attributions to children who are able to- count .

sets of objects. Piaget concluded that skill in counting; unlike skill on

conservatlon tasks _does not warrant attrlbutlon of understandmg of
_.does Second the concept of one-to-one correspondence has a less fun-
damental role in our analysis than: it does in Piaget’s formulation and the

stanidard axromatlc analyses. Thlrd whlle rmpllcrt understandmg of set-

'2 The dlstmchon we have in mmd is analo' ous to one between knowmg a global properly

of a physical system and knowing the mechanism that causes that property to be true. For -
example, in an electrical circiiit Ohm's .and Klrchhol’f‘s laws descnbe relations of voltagc .

) rcsrstance, and current wuhout spec,

calculation—but these l‘ormal computntlon.. do not corrcspond in any simple way to the
flow of electric charge throagh circuits: .

‘ .
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not | l|nk the development of number concepts to the development of an

‘explicit and general concepi of class. Instead; we link it to development

of an understanding of counting.
Regarding attribution of understandmg. Plaget and subsequent inves-

: t|gators have withheld attnbutrng undeérstanding of cardinality until chil-

dren succeed on conservation tasks that require explicit use of one- to-

" one correspondence to define equ|valence L|keW|se ch|ldren are not

: ‘they can ser|ate wh|ch requiires: constructlon of an orderlng in space that

_‘corrcsponds to another ordering that must be perceived or measured;
such as length or werght And understandrng of number |s not granted

~.and order are Jomtly prcsent such as determ|n|ng the locat|on ofa stack

of a given size i a staircase d|$play using the ordinal positions of the

) stacks rather than countlng their 5|zes This Piagetian conclusion led to

the view that very young children’s counting is a kind of rote procedure,

not based on understanding of what counting or number is about. The

view of Gelman and Gallistel (1978), which we developed further in this -

. "article; is that young- children do understand some important numcrlcal

' concepts. In particular, the competence: underlying- children's counting

“includes |mplrcn understanding of the principles of cardinality, order; and
.. one-to-one- correspondence; along with pr|ncxples involving application

of these concepts and 5|gn|f'cant 'set-theoretic components of the prin-

. ciples. The competence that we h/pothe5|ze provides sngmf’cant princi-

pled understanding of counting, but our assumpt|ons do not imply that
children know. how to apply the principles in all tasks or situations in
which the principles are needed for correct reasoning and problem
solvrng We hypothe5|ze that sucessful peformance |n the more complex

Regardlng one-to -one correspondence Plaget followed the loglmsts

: formal analysis of number, in wh|ch one-to-one correspondence is used

in dct‘nmg the concept of number In our hypothe5|s of competence l‘or

derstanding of an aspect of cardlnallty, we postulate knoWledge that two

equal sets will.-remain équal if exactly one new member is added to each

. of them: On this view, cognizance of one-to-one corrcspondence as &n

expllcrt property is not required for a prlncm,led understanding: of

., counting. For Piaget, onc-to-one correspondence is the psychologically

primitive device for detérmming whether two sets are equal or not. The

formulation that we glve is consistent -with a conciusion of Gelman and -
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' Galhstel (1978) as well ase ,,dence reported by Russac (1978) that a

: alent because they both yleld the same enumeratlon sequence——and thus .
the same cardinal number—and still fail tests that force a rehance on the -

- use of one-to-one correspondence.

In our dlSCqulOn here, we have cmphasnzed that sngmﬁcmt compe-’

. We do not lmply that -younger chlldren have all of the competence that
we have characterlzed or that children’s competence for number does
not become: more fully developed as they grow older and learn mathe-
‘matics in school.

A srgnlﬁeant theoretleal problem is the characterlzatlon of changes in

childrén’s competence that correspond to the stronger understandmg that

they achleve through Iearmng and development Important aspects of this

growth are reflected in performance on tasks used by Piaget (1941/1952) .

and analyzed by Klahr and Wallace (I976) in terms of process models:

. Slgmt"cant mformatlon is also provided by performance on more de-

unting (Fuson & Hall; 1983; Fuson et al;; 1982; Steffe

mandmg forms of

relatlons involved m place value and elementary’ anthmetnc (Resmck

'& Thompson, 1981; von Glasersfeld; 1981) and knowledge of number

. It is widely agreed that cogmtlve growth includes i |ncreasmg accessi-
- bility and dlfferentlatlon .of-concep'al structures. That is; conceptual
capablhtres can be used in a wider range of task settings; and a richer set
of properfies and relationships are included in the structure. In terms of

our analysis, such changes could take the-form of more fully developed

"-schemata, of con ccptual competence, or they could involve increased ca-

.pabilities for u
procedural or utlhzatlonal competence

R'ozm (1976) has proposcd that 1mportant aspects of cognmve growth .

- TOre exphcnt One way in which knowledge becories more exphcnt was

eharaetenzed by nget as reﬂectlve abstractlon, in which cognitive op-
erations become objects of thought “The idea that what is implicit. in

younger children becomes ‘more exphctt thh development provides in-

" teresting suggestlons regarding the relati nship. between early compe- .

- tence and later tinderstandmg of quantitative concepts mvolvmg both

one-to-one correspondence and iterative ordinality. We bejieve that car-

dJnal and ordmal concepts are pre,;,nt ina dnified form in the minds of

conceptual competence, correspondlng to growth of

o
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very young chlldren Successful performance on tasks such as cldss in- -

clusion and seriation may, require more exphcu understand ng of these :

concepts; in more fully elaborated forms or with more skill in applying.

the concepts in a broad rénge of tas s: "Explication of concepts such as

one-to-one correspondence and iterative ordination seem to require ‘a

.process of reflective abstractlon about processes; which’ Karmlloff Smtt!‘
(1979) has dtscussed .

Régarding one-to-one correspondcnce we note that our account of the
counting principles.requires children to coordinate their tz ing and par- .
.titioning éfforts The cbﬁs—é'qtiéh'cé is thiit they estiiBIiSh a '55& ta-aﬁé Eor- .

may not—mdeed probably do not——hdve explicit knowledge of domg
§0 as they assign one and only one numeral io each object in the dlsplay
‘That is, they do not have explicit knowledge of the principle ‘of onc-to-
orne correspondence ‘tnd thus thdl aone- to-one corrcspondence between

is. A rcasondble coruecturc 1s lhdl number conservatlon tasks 4SSCSS CX-
phcnt knowledge of the pnncnplc of one-to-one correspondence When
understandmg of one to -one correspondence has becn in an approprmtely
’ Judgmg equlvalence of séts (Gelman i§85) ,

In summury, we concIude that the nature of young. chlldrcn's undcr-

standmg reﬂects competence that supports the undcrstdndlng of counting.

-as well as later dcvelopment such as explicit understanding of the role of . ‘

one-to-one correspondence in deﬁmtlons of equivalence. AIthough we

dnsagree With Pnaget as-to when the concepts of cardinal and ordinal

e N - p bt

veIopment but rather represent two aspects of a smgle conccptual

system: Tasks can be dcsngnedthat emphasize one agpect of number; but_ .

lnferences made from performance on such tasks shoulﬁdﬁhe mzxdc with”

_caution. taking into account the way in which success requires explicit
,forms of undcrstandmg and knowlcdge of a concept’s applicability:
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